We discuss jet substructure in recombination algorithms for QCD jets and single jets from heavy particle decays. We demonstrate that the jet algorithm can introduce significant systematic effects into the substructure. By characterizing these systematic effects and the substructure from QCD, splash-in, and heavy particle decays, we identify a technique, pruning, to better identify heavy particle decays into single jets and distinguish them from QCD jets. Pruning removes protojets typical of soft, wide angle radiation, improves the mass resolution of jets reconstructing a heavy particle decay, and decreases the QCD background. We show that pruning provides significant improvements over unpruned jets in identifying top quarks and W bosons and separating them from a QCD background, and may be useful in a search for heavy particles.
I. INTRODUCTION
The Large Hadron Collider (LHC) will present an exciting and challenging environment. Efforts to tease out hints of Beyond the Standard Model (BSM) physics from complicated final states, typically dominated by Standard Model (SM) interactions, will almost surely require the use of new techniques applied to familiar quantities. Of particular interest is the question of how we think about hadronic jets at the LHC [1] . Historically jets have been employed as surrogates for individual short distance energetic partons that evolve semi-independently into showers of energetic hadrons on their way from the interaction point through the detectors. An accurate reconstruction of the jets in an event then provides an approximate description of the underlying short-distance, hard-scattering kinematics. With this picture in mind, it is not surprising that the internal structure of jets, e.g., the fact that the experimentally detected jets exhibit nonzero masses, has rarely been used in analyses at the Tevatron. However, we can anticipate that largemass objects, which yield multijet decays at the Tevatron, e.g., W/Z's (two jets) or top quarks (three jets), will often be produced with sufficient boosts to appear as single jets at the LHC. Thus the masses of jets and further details of the internal structure of jets will be useful in identifying single jets not only as familiar objects like the aforementioned vector bosons and top quarks, but also as less familiar cascade decays of SUSY particles or the decays of V-particles [2] . In fact, the idea of studying the subjet structure of jets has been around for some time, but initially this study took the form of discussing the number of jets as a function of the jet resolution scale, typically at e + e − colliders, or the p T distribution within the cone of (cone) jets at the Tevatron. (See, for example, the analyses in [3, 4, 5] .) Recently a variety of studies [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] have appeared suggesting a range of techniques for identifying jets with specific properties. It is to this discussion that we intend to contribute. Not surprisingly the current literature focuses on "tagging" the single jet decays of the particles mentioned above and the Higgs boson. However, since we cannot be certain as to the full spectrum of new physics to be found at the LHC, it is important to keep in mind the underlying goal of separating QCD jets from any other type of jet. This will be challenging and the diversity of approaches currently being discussed in the literature is essential. Successful searches for new physics at the LHC will likely employ a variety of techniques. The analysis described below presents detailed properties of the "pruning" procedure outlined in [13] .
In the following discussion we will focus on jets defined by k T -type jet algorithms. The iterative recombination structure of these algorithms yields jets that, by definition, are assembled from a sequence of protojets, or subjets. It is natural to try to use this subjet structure (along with the p T and mass of the jet) to distinguish different types of jets. A combination of cuts and likelihood methods applied to this subjet structure can be used to identify jets, and thus events, likely to be enriched with vector or Higgs bosons, top quarks, or BSM physics. Such jet-labeling techniques can then be used in conjunction with more familiar jet-and lepton-counting methods to isolate new physics at the LHC.
An essential aspect of high-p T jets at the LHC is that the jet algorithm ensures nonzero masses not only for the individual jets, but also for the subjets. For recombination algorithms, we can analyze the 1 → 2 branching structure inherent in the substructure of the jet in terms of concepts familiar from usual two-body decays. In fact, it is exactly such decays (say from W /Z and top quark decays) that we want to compare in the current study to the structure of "ordinary" QCD (light quark and gluon) jets. As we analyze the internal structure of jets we will attempt to keep in mind the various limitations of jets. Jets are not intrinsically well-defined, but exhibit (often broad) distributions that are shaped by the very algorithms that define them. Further, true experimental QCD jets are not identical to the leading-logarithm parton showers produced by Monte Carlos, but include also (perturbative) contributions from hard emissions, which may be important for precisely the properties of jets we want to discuss here, including masses. Finally, the background particles from the underlying event, and from pile-up at higher luminosities, will influence the properties of the jets observed in the detector.
During the run-up to the LHC, jet substructure has increasingly drawn interest as an analysis tool [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] . The LHC will generate a deluge of multijet events that form a background to most interesting processes, and techniques to separate these signals will prove very useful. To that end, various groups have shown that jet substructure can be used in W [6] , top [8, 10, 11, 12, 15] , and Higgs [9, 15] identification, as well as reconstruction of SUSY mass spectra [7, 14] .
We take a more general approach below. Instead of describing a technique using jet substructure to find a particular signal, we study features of recombination algorithms. We identify major systematic effects in jets found with the k T and CA algorithms, and discuss how they affect the found jet substructure. To reduce these systematic effects we define a generic procedure, which we call pruning, that improves the jet substructure for the purposes of heavy particle identification. We note that pruning is based on the same ideas as other jet substructure methods, [9] and [11] , in that these techniques also modify the jet substructure to improve heavy particle identification. Pruning differs from these methods in that it is built as a broad jet substructure analysis tool, and one that can be used in a variety of searches. To this end, the mechanics of the pruning procedure differ from other methods, allowing it to be generalized more easily. Pruning can be performed using either the CA or k T algorithms to generate substructure for a jet, and the procedure can be implemented on jets coming from any algorithm, since the procedure is independent of the jet finder. In the studies below, we will quantify several aspects of the performance of pruning to demonstrate its utility.
The following discussion includes a review of jet algorithms (Sec. II) and a review of the expected properties of jets from QCD (Sec. III) and those from heavy particles (Sec. IV). In studying QCD and heavy particle jets, we will discuss key systematic effects imposed on the jet substructure by the jet algorithm itself. In Sec. V we then contrast the expected substructure for QCD and heavy particle jets and describe how the task of separating the two types of jets is complicated by systematic effects of the jet algorithm and the hadronic environment. In Sec. VI, we show how these systematic effects can by reduced by a procedure we call "pruning". Secs. VII and VIII describe our Monte Carlo studies of pruning and their results. Additional computational details are provided in Appendix A. In Sec. IX we summarize these results and provide concluding remarks.
II. RECOMBINATION ALGORITHMS AND JET SUBSTRUCTURE
Jet algorithms can be broadly divided into two categories, recombination algorithms and cone algorithms [1] . Both types of algorithms form jets from protojets, which are initially generic objects such as calorimeter towers, topological clusters, or final state particles. Cone algorithms fit protojets within a fixed geometric shape, the cone, and attempt to find stable configurations of those shapes to find jets. In the cone-jet language, "stable" means that the direction of the total four-momentum of the protojets in the cone matches the direction of the axis of the cone. Recombination algorithms, on the other hand, give a prescription to pairwise (re)combine protojets into new protojets, eventually yielding a jet. For the recombination algorithms studied in this work, this prescription is based on an understanding of how the QCD shower operates, so that the recombination algorithm attempts to undo the effects of showering and approximately trace back to objects coming from the hard scattering. The anti-k T algorithm [17] functions more like the original cone algorithms, and its recombination scheme is not designed to backtrack through the QCD shower. Cone algorithms have been the standard in collider experiments, but recombination algorithms are finding more frequent use. Analyses at the Tevatron [18] have shown that the most common cone and recombination algorithms agree in measurements of jet cross sections.
A general recombination algorithm uses a distance measure ρ ij between protojets to control how they are merged. A "beam distance" ρ i determines when a protojet should be promoted to a jet. The algorithm proceeds as follows: 0. Form a list L of all protojets to be merged.
1. Calculate the distance between all pairs of protojets in L using the metric ρ ij , and the beam distance for each protojet in L using ρ i .
2. Find the smallest overall distance in the set {ρ i , ρ ij }.
3. If this smallest distance is a ρ ij , merge protojets i and j by adding their four vectors. Replace the pair of protojets in L with this new merged protojet. If the smallest distance is a ρ i , promote protojet i to a jet and remove it from L.
4. Iterate this process until L is empty, i.e., all protojets have been promoted to jets.
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For the k T [19, 20, 21] and Cambridge-Aachen (CA) [22] recombination algorithms the metrics are
Here p T i is the transverse momentum of protojet i and ∆R ij ≡ (φ i − φ j ) 2 + (y i − y j ) 2 is a measure of the angle between two protojets that is invariant under boosts along and rotations around the beam direction. φ is the azimuthal angle around the beam direction, φ = tan −1 p y /p x , and y is the rapidity, y = tanh −1 p z /E, with the beam along the z-axis. The angular parameter D governs when protojets should be promoted to jets: it determines when a protojet's beam distance is less than the distance to other objects. D provides a rough measure of the typical angular size (in y-φ) of the resulting jets.
The recombination metric ρ ij determines the order in which protojets are merged in the jet, with recombinations that minimize the metric performed first. From the definitions of the recombination metrics in Eq. (1), it is clear that the k T algorithm tends to merge low-p T protojets earlier, while the CA algorithm merges pairs in strict angular order. This distinction will be very important in our subsequent discussion.
A. Jet Substructure
A recombination algorithm naturally defines substructure for the jet. The sequence of recombinations tells us how to construct the jet in step-by-step 2 → 1 mergings, and we can unfold the jet into two, three, or more subjets by undoing the last recombinations. Because the jet algorithm begins and ends with physically meaningful information (starting at calorimeter cells, for example, and ending at jets), the intermediate (subjet) information generated by the k T and CA (but not the anti-k T 2 ) recombination algorithms is expected to have physical significance as well. In particular, we expect the earliest recombinations to approximately reconstruct the QCD shower, while the last recombinations in the algorithm, those involving the largest-p T degrees of freedom, may indicate whether the jet was produced by QCD alone or a heavy particle decay plus QCD showering. To discuss the details of jet substructure, we begin by defining relevant variables. 2 The anti-k T algorithm has the metrics ρ ij ≡ min(p T i , so it tends to cluster protojets with the hardest protojet, resulting in cone-like jets with uninteresting substructure.
B. Variables Describing Branchings and Their Kinematics
In studying the substructure produced by jet algorithms, it will be useful to describe branchings using a set of kinematic variables. Since we will consider the substructure of (massive) jets reconstructing kinematic decays and of QCD jets, there are two natural choices of variables. Jet rest frame variables are useful to understand decays because the decay cross section takes a simple form. Lab frame variables invariant under boosts along and rotations around the beam direction are useful because jet algorithms are formulated in terms of these variables, so algorithm systematics are most easily understood in terms of them. The QCD soft/collinear singularity structure is also easy to express in lab frame variables. We describe these two sets of variables and the relationship between them in this subsection.
Naively, there are twelve variables completely describing a 1 → 2 splitting. Here we will focus on the top branching (the last merging) of the jet splitting into two daughter subjets, which we will label J → 1, 2. Imposing the four constraints from momentum conservation to the branching leaves eight independent variables. The invariance of the algorithm metrics under longitudinal boosts and azimuthal rotations removes two of these (they are irrelevant). For simplicity we will use this invariance to set the jet's direction to be along the x-axis, defining the z-axis to be along the beam direction. Therefore there are six relevant variables needed to describe a 1 → 2 branching. Three of these variables are related to the three-momenta of the jet and subjets, and the other three are related to their masses.
The two sets of variables we will use to understand jet substructure share common elements. Of the six variables, only one needs to be dimensionful, and we can describe all other scales in terms of this one. The dimensionful variable we choose is the mass m J of the jet. In addition, we use the masses of the two daughter subjets scaled by the jet mass:
We choose the particle labeled by '1' to be the heavier particle, a 1 > a 2 . The three masses, m J , a 1 , and a 2 , will be common to both sets of variables. Additionally, we will typically want to fix the p T of the jet and determine how the kinematics of a system change as p T J is varied. For QCD, a useful dimensionless quantity is the ratio of the mass and p T of the jet, whose square we call x J :
For decays, we will opt instead to use the familiar magnitude γ of the boost of the heavy particle from its rest frame to the lab frame, which is related to x J by
The remaining two variables, which are related to the momenta of the subjets, will differ between the rest frame and lab frame descriptions of the splitting. Unpolarized 1 → 2 decays are naturally described in their rest frame by two angles. These angles are the polar and azimuthal angles of one particle (the heavier one, say) with respect to the direction of the boost to the lab frame, and we label them θ 0 and φ 0 respectively. Since we are choosing that the final jet be in thex direction, θ 0 is measured from thex direction while φ 0 is the angle in the y-z plane, which we choose to be measured from theŷ direction. Putting these variables together, the set that most intuitively describes a heavy particle decay is the "rest frame" set
The requirement that the (last) recombination vertex being described actually "fit" in a single jet reconstructed in the lab frame yields the constraint ∆R 12 < D, where ∆R 12 is treated as a function of the variables in Eq. (5).
Consider describing the same kinematics in the lab frame. As noted above, we want to choose variables that are invariant under longitudinal boosts and azimuthal rotations, which can be mapped onto the recombination metrics of the jet algorithm. The angle ∆R 12 between the daughter particles is a natural choice, as is the ratio of the minimum daughter p T to the parent p T , which is commonly called z:
These variables make the recombination metrics for the k T and CA algorithms simple:
Note that for a generic recombination, the momentum factors in the denominator of Eq. (6) and in the k T metric in Eq. (7) should be p T p , the momentum of the the parent or combined subjet of the 2 → 1 recombination. From these considerations we choose to describe recombinations in the lab frame with the set of variables
In using these variables it is essential to understand the structure of the corresponding phase space, especially for the last two variables in both sets. Naively, for actual decays, we would expect that the phase space in cos θ 0 and φ 0 of the rest frame variable set in Eq. (5) is simple, with boundaries that are independent of the value of the other variables. However, since we require that the decay "fits" in a jet (so that all the variables are defined), constraints and correlations appear. The presence of these constraints and correlations is more apparent for the lab frame variables ∆R 12 and z since the recombination algorithm acts directly on the these variables. As a first step in understanding these correlations we plot in Fig. 1 , the contour ∆R 12 = D(= 1.0) in the (cos θ 0 , φ 0 ) phase space for different values of γ and over different choices for a 1 and a 2 . These specific values of a 1 and a 2 correspond to a variety of interesting processes: a 1 = a 2 = 0 gives the simplest kinematics and is therefore a useful starting point; a 1 = 0.46, a 2 = 0 gives the kinematics of the top quark decay; a 1 = 0.9, a 2 = 0 and a 1 = 0.3, a 2 = 0.1 are reasonable values for subjet masses from the CA and k T algorithms respectively. The contour ∆R 12 = D defines the boundary in phase space where a 1 → 2 process will no longer fit in a jet, with the interior region corresponding to splittings with ∆R 12 < D. Note that the contour is nearly straight and vertical, increasingly so for larger γ. This is a reflection of the fact that ∆R 12 is nearly independent of φ 0 , up to terms suppressed by γ −2 . While the constraint ∆R 12 < D for the 1 → 2 to fit in a jet becomes simpler in the (z, ∆R 12 ) phase space, the boundaries of the phase space become more complex. In Fig. 2 , we plot the available phase space in (z, ∆R 12 ) for the same values of x J , a 1 , and a 2 as in Fig. 1 , translating the value of γ into x J . The most striking feature is that for fixed x J , a 1 , and a 2 , the phase space in (z, ∆R 12 ) is nearly one-dimensional; this is again due to the fact that ∆R 12 and also z are nearly independent of φ 0 . In particular, for a 1 = a 2 = 0 (as in Fig. 2a) , the phase space approximates the contour describing fixed x J for small ∆R 12 , which takes the simple form
This approximation is accurate even for larger angles, ∆R 12 ≈ 1, at the 10% level. Note also that the width of the band about the contour described by Eq. (9) is itself of order x J . As we decrease x J the band moves down and becomes narrower as indicated in Fig. 2a ).
As illustrated in Figs. 2b and 2d, we can also see a double-band structure to the (z, ∆R 12 ) phase space. The upper band corresponds to the case where the lighter daughter is softer (smaller-p T ) than the heavier daughter (and determines z), while the lower band corresponds to the case where the heavier daughter is softer. This does not occur in Fig. 2a because a 1 = a 2 (the single band is double-covered), or in Fig. 2c because the heavier particle is never the softer one for the chosen values of x J .
Note that we have said nothing about the density of points in phase space for either pair of variables. This is because the weighting of phase space is set by the dynamics of a process, while the boundaries are set by the kinematics. Decays and QCD splittings weight the phase space differently, as we will show.
C. Ordering in Recombination Algorithms
Having laid out variables useful to describe 1 → 2 processes, we can discuss how the jet algorithm orders recombinations in these variables. Recombination algorithms merge objects according to the pairwise metric ρ ij . The sequence of recombinations is almost always monotonic in this metric: as the algorithm proceeds, the value typically increases. Only certain kinematic configurations will decrease the metric from one recombination to the next, and the monotonicity violation is small and rare in practice.
This means it is rather straightforward to understand the typical recombinations that occur at different stages of the algorithm. We can think in terms of a phase space boundary: the algorithm enforces a boundary in phase space at a constant value for the recombination metric which evolves to larger values as the recombination process proceeds. If a recombination occurs at a certain value of the metric, ρ 0 , then subsequent recombinations are very unlikely to have ρ ij < ρ 0 , meaning that region of phase space is unavailable for further recombinations.
In Fig. 3 , we plot typical boundaries for the CA and k T algorithms in the (z, ∆R 12 ) phase space. For CA, these boundaries are simply lines of constant ∆R 12 , since the recombination metric is ρ ij (CA) = ∆R ij . For k T , these boundaries are contours in z∆R 12 , and implicitly depend on the p T of the parent particle in the splitting. Because the k T recombination metric for i, j → p is ρ ij (k T ) = z∆R ij p T p , decreasing the value of p T p will shift the boundary out to larger z∆R ij . These algorithm dependent ordering effects will be important in understanding the restrictions on the kinematics of the last recombinations in a jet. For instance, we expect to observe no small-angle late recombinations in a jet defined by the CA algorithm. 
D. Studying the Substructure of Recombination Algorithms
In the following sections we discuss various aspects of jet substructure, especially as applied toward identifying heavy particle decays within single jets and separating them from QCD jets. To effectively discriminate between jets, we must have an understanding of the substructure expected from both QCD and decays. To this end, we will study toy models of the underlying 1 → 2 processes with appropriate (but approximate) dynamics. We will also study the substructure observed in jets found in simulated events, which include showering and hadronization, for both pure QCD and heavy particle decays. In these more realistic jets, with many more degrees of freedom, we must understand the role of the jet algorithm in determining the features of the last recombinations in the jet. This bias will impact how (and whether) we can interpret the last recombinations as relevant to the physics of the jet.
We will find that the differences in the metrics of k T and CA will introduce shaping effects on the recombinations. We will observe these in the distributions of kinematic variables of interest, e.g., the jet and subjet masses, z, and ∆R 12 . The major point of this work will be to motivate and develop a method to identify jet substructure most likely to come from the decay of a heavy particle and separate this substructure from recombinations likely to represent QCD.
In Sec. III, we study QCD (only) jet masses and substructure in terms of the variables x J , z and ∆R 12 , starting with a leading-log approximation including only the soft and collinear singularities. We find the distribution in x J in this approximation and discuss the implications for the substructure in a QCD jet, specifically the distributions in both z and ∆R 12 for fixed x J . Finally we look at the jet mass and substructure distributions found in jets from fully simulated events. Of particular interest is the algorithm dependence.
In Sec. IV, we first study 1 → 2 decays with fixed boost and massless daughters (e.g., a W decay into quarks) and a top quark decay into massless quarks. The parton-level top quark decay into three quarks, which is made up of two 1 → 2 decays, is instructive because the jet algorithm matters: the CA and k T algorithms can reconstruct the jet in different ways. For both kinds of decays, we consider both the full, unreconstructed decay distributions in z and ∆R 12 , then proceed to study the shaping effects that reconstruction in a single jet has on the "in-ajet" distributions of these variables. We also look at the shaping in terms of the rest frame variable cos θ 0 , which provides a good intuitive picture of which decays will be reconstructed in a single jet. Understanding this shaping will be key to understanding the substructure we expect from decays and the effects of the jet algorithm. We contrast this substructure with the expected substructure from QCD jets, pointing out key similarities and differences. Finally we look at the distributions found in fully simulated events of both W and top quark decays.
In Sec. V, we compare the results of Secs. III and IV. We also consider the impact of event effects such as the underlying event, which are common to all events. In particular, we focus on understanding how these contributions manifest themselves in the substructure of the jet and the role that the algorithm plays in determining the substructure. We will find that jet algorithms, acting on events that include these contributions, yield substructure that often obscures the recombinations reconstructing a heavy particle decay. This is especially true of the CA algorithm, which we will show has a large systematic effect on its jet substructure. We will use these lessons in later sections to construct the pruning procedure to modify the jet substructure, removing recombinations that are likely to obscure a heavy particle decay.
III. QCD JETS
The LHC will be the first collider where jet masses play a serious role in analyses. The proton-proton center of mass energy at the LHC is sufficiently large that the mass spectrum of QCD jets will extend far into the regime of heavy particle production (m W and above). Because masses are such an important variable in jet substructure, masses of QCD jets will play an essential role in determining the effectiveness of jet substructure techniques at separating QCD jets from jets with new physics. We expect that the jet mass distribution in QCD is smoothly falling due to the lack of any intrinsic mass scale above Λ QCD , while jets containing heavy particles are expected to exhibit enhancements in a relatively narrow jet mass range (given by the particle's width, detector effects, and the systematics of the algorithm).
Understanding the more detailed substructure of QCD jets (beyond the mass of the jet) presents an interesting challenge. QCD jets are typically characterized by the soft and collinear kinematic regimes that dominate their evolution, but QCD populates the entire phase space of allowed kinematics. Due to its immense cross section relative to other processes, small effects in QCD can produce event rates that still dominate other signals, even after cuts. Furthermore, the full kinematic distributions in QCD jet substructure currently can only be approximately calculated, so we focus on understanding the key features of QCD jets and the systematic effects that arise from the algorithms that define them. Note that even when an on-shell heavy particle is present in a jet, the corresponding kinematic decay(s) will contribute to only a few of the branchings within the jet. QCD will still be responsible for bulk of the complexity in the jet substructure, which is produced as the colored partons shower and hadronize, leading to the high multiplicity of color singlet particles observed in the detector.
It is a complex question to ask whether the jet substructure is accurately reconstructing the parton shower, and somewhat misguided, as the parton shower represents colored particles while the experimental algorithm only deals with color singlets. A more sensible question, and an answerable one, is to ask whether the algorithm is faithful to the dynamics of the parton shower. This is the basis of the metrics of the k T and CA recombination algorithms -the ordering of recombinations captures the dominant kinematic features of branchings within the shower. In particular, the cross section for an extra real emission in the parton shower contains both a soft (z) and a collinear (∆R) singularity:
While these singularities are regulated (in perturbation theory) by virtual corrections, the enhancement remains, and we expect emissions in the QCD parton shower to be dominantly soft and/or collinear. Due to their different metrics, the k T and CA algorithms will recombine these emissions differently, producing distinct substructure. We will discuss the interplay between the dynamics of QCD and the recombination algorithms in the next two subsections. In the first, we will consider a simple leading-logarithm (LL) approximation to perturbative QCD jets with just a single branching and zero-mass subjets. This will illustrate the simplest kinematics of Section II B coupled with soft/collinear dynamics. In the second subsection we consider the properties of the more realistic QCD jets found in fully simulated events.
A. Jets in a Toy QCD
To establish an intuitive level of understanding of jet substructure in QCD we consider a toy model description of jets in terms of a single branching and the variables x J , z, and ∆R 12 . We take the jet to have a fixed p T J . We combine the leading-logarithmic dynamics of of Eq. (10) with the approximate expression for the jet mass in Eq. (9), and we label this combined approximation as the "LL" approximation. Recall that this approximation for the jet mass is useful for small subjet masses and small opening angles. From Section II B, recall that fixing x J provides lower bounds on both z and ∆R 12 and ensures finite results for the LL approximation. This approach leads to the following simple form for the x J distribution,
Note we are integrating over the phase space of Fig. 2a , treating it as one-dimensional. The resulting distribution is exhibited in Fig. 4 for D = 1.0 where we have multiplied by a factor of x J to remove the explicit pole. We observe both the cutoff at x J = D 2 /4 arising from the kinematics discussed in Section II B and the − ln(x J )/x J small-x J behavior arising from the singular soft/collinear dynamics. Even if the infrared singularity is regulated by virtual emissions and the distribution is resummed, we still expect QCD jet mass distributions (with fixed p T J ) to be peaked at small mass values and be rapidly cutoff for m J > p T J D/2. We can improve this approximation somewhat by using the more quantitative perturbative analysis described in [1] . In perturbation theory jet masses appear at next-toleading order (NLO) in the overall jet process where two (massless) partons can be present in a single jet. Strictly, the jet mass is then being evaluated at leading order (i.e., the jet mass vanishes with only one parton in a jet) and one would prefer a NNLO result to understand scale dependence (we take µ = p T J /2). Here we will simply use the available NLO tools [23] . This approach leads to the very similar x J distribution displayed in Fig. 5 , plotted for two values of p T J (at the LHC, with √ s = 14 TeV). We are correctly including the full NLO matrix element (not simply the singular parts), the full kinematics of the jet mass (not just the small-angle approximation) and the effects of the parton distribution functions. In this case the distribution is normalized by dividing by the Born jet cross section. Again we see the dominant impact of the soft/collinear singularities for small jet masses. Note also that there is little residual dependence on the value of the jet momentum (the distribution approximately scales with p T J ) and that again the distribution essentially vanishes for
3 The average jet mass suggested by these results is m J /p T J ≈ 0.2D. However, because the jet only contains two partons at NLO, we are still ignoring the effects of the nonzero subjet masses and the effects of the ordering of mergings imposed by the algorithm itself. For example, at this order there is no difference between the CA and k T algorithms. Next we consider the z and ∆R 12 distributions for the LL approximation where a single recombination of two (massless) partons is required to reconstruct as a jet of definite p T J and mass (fixed x J ). To that end we can "undo" one of the integrals in Eq. (11) and consider the distributions for z and ∆R 12 . We find for the z distribution the form
(12) As expected, we see the poles in z and x J from the soft/collinear dynamics, but, as in Section II B, the constraint of fixed x J yields a lower limit for z. Recall that the upper limit for z arises from its definition, again applied in the small-angle limit. Thus the LL QCD distribution in z is peaked at the lower limit but the characteristic turn-on point is fixed by the kinematics, requiring the branching at fixed x J to be in a jet of size D. This behavior is illustrated in Fig. 6 for various values of x J = 1/(γ 2 − 1) corresponding to those used in Section II B.
The expression for the ∆R 12 dependence in the LL approximation is
This distribution is illustrated in Fig. 7 for the same values of x J as in Fig. 6 . As with the z distribution the kinematic constraint of being a jet with a definite x J yields a lower limit, ∆R 12 2 √ x J , along with the expected up- variables also introduces an (integrable) square root singularity at the lower limit. This square root factor tends to be numerically more important than the 1/∆R 2 12 factor. (One factor of ∆R 12 arises from the collinear QCD dynamics while the other comes from change of variables. The soft QCD singularity is contained in the denomina-
(equivalently, z 1).) Since this square root singularity arises from the choice of variable (a kinematic effect), we will see that it is also present for heavy particle decays, suggesting that the ∆R 12 variable will not be as useful as z in distinguishing QCD jets from heavy particle decay jets. Thus, in our toy QCD model with a single recombination, leading-logarithm dynamics and the small-angle jet mass definition, the constraints due to fixing x J tend to dominate the behavior of the z and ∆R 12 distribu-tions, with limited dependence on the QCD dynamics and no distinction between the CA and k T algorithms. However, this situation changes dramatically when we consider more realistic jets with full showering, a subject to which we now turn.
B. Jet Substructure in Simulated QCD events
To obtain a more realistic understanding of the properties of QCD jet masses we now consider jet substructure that arises in more fully simulated events. In particular, we focus on Monte Carlo simulated QCD jets with transverse momenta in the range p T J = 500-700 GeV (c = 1 throughout this paper) found in matched QCD multijet samples created as described in Appendix A. The matching process means that we are including, to a good approximation, the full NLO perturbative probability for energetic, large-angle emissions in the simulated showers, and not just the soft and collinear terms. As suggested earlier, we anticipate two important changes from the previous discussion. First, the showering ensures that the daughter subjets at the last recombination have nonzero masses. More importantly and as noted in Section II C, the sequence of recombinations generated by the jet algorithm tends to force the final recombination into a particular region of phase space that depends on the recombination metric of the algorithm. For the CA algorithm this means that the final recombination will tend to have a value of ∆R 12 near the limit D, while the k T algorithm will have a large value of z∆R 12 p T J . This issue will play an important role in explaining the observed z and ∆R 12 distributions.
First, consider the jet mass distributions from the simulated event samples. In Fig. 8 , we plot the jet mass distributions for the k T and CA algorithms for all jets in the stated p T bin (500-700 GeV). As expected, for both algo- rithms the QCD jet mass distribution smoothly falls from a peak only slightly displaced from zero (the remnant of the perturbative − ln(m 2 )/m 2 behavior). There is a more rapid cutoff for m J > p T J D/2, which corresponds to the expected kinematic cutoff of m J = p T J D/2 from the LL approximation, but smeared by the nonzero width of the p T bin, the nonzero subjet masses and the other small corrections to the LL approximation. The average jet mass, m J ≈ 100 GeV, is in crude agreement with the perturbative expectation m J /p T J ≈ 0.2. Note that the two algorithms now differ somewhat in that the k T algorithm displays a slightly larger tail at high masses. As we will see in more detail below, this distinction arises from the difference in the metrics leading to recombining protojets over a slightly larger angular range in the k T algorithm. On the other hand, the two curves are remarkably similar. Note that we have used a logarithmic scale to ensure that the difference is apparent. Without the enhanced number of energetic, large-angle emissions characteristic of this matched sample, the distinction between the two algorithms is much smaller, i.e., a typical dijet, LO Monte Carlo sample yields more similar distributions for the two algorithms.
Other details of the QCD jet substructure are substantially more sensitive to the specific algorithm than the jet mass distribution. To illustrate this point we will discuss the distributions of z, ∆R 12 , and the subjet masses for the last recombination in the jet. We can understand the observed behavior by combining a simple picture of the geometry of the jet with the constraints induced on the phase space for a recombination from the jet algorithm. In particular, recall that the ordering of recombinations defined by the jet algorithm imposes relevant boundaries on the phase space available to the late recombinations (see Fig. 3 ).
While the details of how the k T and CA algorithms recombine protojets within a jet are different, the overall structure of a large-p T jet is set by the shower dynamics of QCD, i.e., the dominance of soft/collinear emissions. Typically the jet has one (or a few) hard core(s), where a hard core is a localized region in y-φ with large energy deposition. The core is surrounded by regions with substantially smaller energy depositions arising from the radiation emitted by the energetic particles in the core (i.e., the shower), which tend to dominate the area of the jet. In particular, the periphery of the jet is occupied primarily by the particles from soft radiation, since even a wide-angle hard parton will radiate soft gluons in its vicinity. This simple picture leads to very different recombinations with the k T and CA algorithms, especially the last recombinations.
The CA algorithm orders recombinations only by angle and ignores the p T of the protojets. This implies that the protojets still available for the last recombination steps are those at large angle with respect to the core of the jet. Because the core of the jet carries large p T , as the recombinations proceed the directions of the protojets in the core do not change significantly. Until the final steps, the recombinations involving the soft, peripheral protojets tend to occur only locally in y-φ and do not involve the large-p T protojets in the core of the jet. Therefore, the last recombinations defined by the CA algorithm are expected to involve two very different protojets. Typically one has large p T , carrying most of the four-momentum of the jet, while the other has small p T and is located at the periphery of the jet. As we illustrate below, the last recombination will tend to exhibit large ∆R 12 , small z, large a 1 (near 1), and small a 2 , where the last two points follow from the small z and correspond to the (z, ∆R 12 ) phase space of Fig. 2c .
In contrast, the k T algorithm orders recombinations according to both p T and angle. Thus the k T algorithm tends to recombine the soft protojets on the periphery of the jet earlier than with the CA algorithm. At the same time, the reduced dependence on the angle in the recombination metric implies the angle between protojets for the final recombinations will be lower for k T than CA. While there is still a tendency for the last recombination in the k T algorithm to involve a soft protojet with the core protojet, the soft protojet tends to be not as soft as with the CA algorithm (i.e., the z value is larger), while the angular separation is smaller. Since this final soft protojet in the k T algorithm has participated in more previous recombinations than in the CA case, we expect the average a 2 value to be farther from zero and the a 1 value to be farther from 1. Generally the (z, ∆R 12 ) phase space for the final k T recombination is expected to be more like that illustrated in Figs. 2b and 2d (coupled with the boundary in Fig. 3b ).
To summarize and illustrate this discussion, we have plotted distributions of z, ∆R 12 , and a 1 for the last recombination in a jet for the k T and CA algorithms in Figs. 9(a-f) for the matched QCD sample described previously. We plot distributions with and without a cut on the jet mass, where the cut is a narrow window (≈ 15 GeV) around the top quark mass. This cut selects heavy QCD jets, and for the p T window of 500-700 GeV it corresponds to a cut on x J of 0.06-0.12. These distributions reflect the combined influence of the QCD shower dynamics, the restricted kinematics from being in a jet, and the algorithm-dependent ordering effects discussed above. Most importantly, note the very strong enhancement at the smallest values of z for the CA algorithm in Fig. 9a , which persists even after the heavy jet mass cut. Note there is a log scale in Fig. 9a to make the differences between the distributions clearer and better show the dynamic range. While the k T result in Fig. 9b is still peaked near zero when summed over all jet masses, the enhancement is not nearly as strong. After the heavy jet mass cut is applied, the distribution shifts to larger values of z, with an enhancement remaining at small values. Only in this last plot is there evidence of the lower limit on z of order 0.1 expected from the earlier LL approximation results. Note also that the z distributions all extend slightly past z = 0.5, indicating another small correction to the LL approximation arising the the true two-dimensional nature of the (z, ∆R 12 ) phase space. a much broader distribution than CA with an enhancement for small ∆R 12 values. Once the heavy jet mass cut is applied, both algorithms exhibit the lower kinematic cutoff on ∆R 12 suggested in the LL approximation results, as both distributions shift to larger values of the angle. This shift serves to enhance the CA peak at the upper limit and moves the the lower end enhancement in k T to substantially larger values of ∆R 12 .
The CA algorithm bias toward large a 1 is demonstrated in Fig. 9e . We can see that requiring a heavy jet enhances the large-a 1 peak and also results in a much smaller enhancement around a 1 ≈ 0.2. The k T distribution in a 1 , shown in Fig. 9f , exhibits a broad enhancement around a 1 ≈ 0.4. This distribution is relatively unchanged after the jet mass cut. To give some insight into the correlations between z and ∆R 12 , in Fig. 10 we plot the distribution of both variables simultaneously for both algorithms, with no jet mass cut applied. The very strong enhancement at small z and large ∆R 12 for CA is evident in this plot. For k T , there is still an enhancement at small z and large ∆R 12 , but there is support over the whole range in z and ∆R 12 with the impact of the shaping due to the z × ∆R 12 dependence in the metric clearly evident. Note that the k T distribution is closer to what one would expect from QCD alone, with enhancements at both small z and small ∆R 12 , while the CA distribution is asymmetrically shaped away from the QCD-like result.
Finally we should recall, as indicated by Fig. 8 , that the jets found by the two algorithms tend to be slightly different, with the k T algorithm recombining slightly more of the original (typically soft) protojets at the periphery and leading to slightly larger jet masses. Because the QCD shower is present in all jets, and is responsible for the complexity in the jet substructure, the systematic effects discussed above will be present in all jets. While the kinematics of a heavy particle decay is distinct from QCD in certain respects, we will find that these effects still present themselves in jets containing the decay of a heavy particle. This reduces our ability to identify jets containing a heavy particle, and will lead us to propose a technique to reduce them. In the following section, we study the kinematics of heavy particle decays and discuss where these systematic effects arise.
IV. RECONSTRUCTING HEAVY PARTICLES
Recombination algorithms have the potential to reconstruct the decay of a heavy particle. Ideally, the substructure of a jet may be used to identify jets coming from a decay and reject the QCD background to those jets. In this section, we investigate a pair of unpolarized partonlevel decays, a heavy particle decaying into two massless quarks (a 1 → 2 decay) and a top quark decay into three massless quarks (a two-step decay). For each decay, we study the available phase space in terms of the lab frame variables ∆R 12 and z and the shaping of kinematic distributions imposed by the requirement that the decay be reconstructed in a single jet. We will determine the kinematic regime where decays are reconstructed, and contrast this with the kinematics for a 1 → 2 splitting in QCD.
A. 1 → 2 Decays
We begin by considering a 1 → 2 decay with massless daughters. An unpolarized decay has a simple phase space in terms of the rest frame variables cos θ 0 and φ 0 :
Recall from Sec. II B that cos θ 0 and φ 0 are the polar and azimuthal angles of the heavier daughter particle (when the daughters are identical, we can take these to be the angles for a randomly selected daughter of the pair) in the parent particle rest frame relative to the direction of the boost to the lab frame. In general, we will use N 0 to label the distribution of all decays, while N will label the distribution of decays reconstructed inside a single jet. N 0 is normalized to unity, so that for any variable set Φ,
The distribution N is defined from N 0 by selecting those decays that fit in a single jet, so that generically
(16) N is naturally normalized to the total fraction of reconstructed decays. The constraints of single jet reconstruction will depend on the decay and on the jet algorithm used, and abstractly take the form of a set of Θ functions specifying the ordering and limits on recombinations. For a 1 → 2 decay and a recombination-type algorithm, the only constraint is that the daughters must be separated by an angle less than D:
Since the kinematic limits imposed by reconstruction are sensitive to the boost γ of the parent particle, we will want to consider the quantities of interest at a variety γ values. To illustrate this γ dependence, we first find the total fraction of all decays that are reconstructed in a single jet for a given value of the boost. We call this fraction f R (γ):
In Fig. 11 , we plot f R (γ) vs. γ for several values of D. The reconstruction fraction rapidly rises from no reconstruction to nearly complete reconstruction in a very narrow range in γ. This indicates that ∆R 12 is highly dependent on γ for fixed cos θ 0 and φ 0 , which we will see below. Furthermore, the cutoff where f R (γ) = 0 is very sensitive to the value of D, with very large boosts required to reconstruct a particle in a single jet except for larger values of D. This turn-on for increasing γ is To better understand the effect that reconstruction has on the phase space for decays, we would like to find the distribution of 1 → 2 decays in terms of lab frame variables,
With two massless daughters, ∆R 12 is given in terms of rest frame variables by
with β ≡ 1 − γ −2 . This relation is analytically noninvertible, meaning we cannot write the Jacobian for the transformation
in closed form. However, ∆R 12 has some simple limits.
In particular, when the boost γ is large, to leading order in γ −1 ,
This limit is only valid for sin θ 0 γ −1 , but as we will see this is the region of phase space where the decay will be reconstructed in a single jet. The large-boost approximation describes the key features of the kinematics and is useful for a simple picture of kinematic distributions when particles are reconstructed in a single jet.
Since γ = 1 + 1/x J , this limit is equivalent to the small-angle limit we took in Sec. III A. (For ∆R 2 1, The value of z is also simple in the large-boost approximation. In this limit,
With the large-boost approximation, z and ∆R 12 are both independent of φ 0 . As noted earlier both ∆R 12 and z depend on φ 0 only through terms that are suppressed by inverse powers of γ (cf. Figs. 1 and 2) , and taking the large-boost limit eliminates this dependence. Therefore, in this limit we can integrate out φ 0 and find the distributions in z and ∆R 12 for all decays. For z the distribution is simply flat:
We have included the limits for clarity. For ∆R 12 , the distribution is
This distribution has a lower cutoff requiring ∆R 12 ≥ 2γ −1 . This is close to the true lower limit on ∆R 12 , which comes from setting φ 0 = 0 in the exact formula for ∆R 12 and simplifying. The exact lower limit is
which is within 5% of 2γ −1 for values of γ for which f R (γ) > 0. Note that in Eq. (25) , there is a enhancement at the lower cutoff in ∆R 12 due to the square root singularity arising from the change of variables, just as there was in the QCD result in Eq. (14) . Thus the distribution in ∆R 12 is highly localized at the cutoff, which is a function of γ.
In Fig. 12 , we plot the true distribution dN 0 /dz, found numerically using no large-boost approximation, for several values of γ. Qualitatively, the true distribution is very similar to the approximate one in Eq. (24), which is flat. The peak in the distribution at small z values comes from the reduced phase space as z → 0, and the peak is lower for larger boosts. Likewise, the exact distribution dN 0 /d∆R 12 is very similar to the large-boost result; in Fig. 13 , we plot dN 0 /d∆R 12 with no approximation. The distribution in ∆R 12 is localized at the lower limit, especially for larger boosts. This provides a useful rule: the opening angle of a decay is highly correlated with the transverse boost of the parent particle. Note that the relevant boost is the transverse one because the angular measure ∆R is invariant under longitudinal boosts (recall that in the example here, we have set the parent particle to be transverse).
The constraint imposed by reconstruction is simple to interpret in the large-boost approximation. In terms of sin θ 0 , the constraint ∆R 12 < D requires sin θ 0 > 2/γD, which excludes the region where the approximation breaks down. Therefore the large-boost approximation is apt for describing the kinematics of a reconstructed decay. In Fig. 14 , we plot the distribution, dN/d cos θ 0 , where the implied sharp cutoff is apparent (and should be compared to what we observed in Fig. 1a ). This distribution is easy to understand in the rest frame of the decay. When | cos θ 0 | is close to 1, one of the daughters is nearly collinear with the direction of the boost to the lab frame, and the other is nearly anti-collinear. The anti-collinear daughter is not sufficiently boosted to have ∆R 12 < D with the collinear daughter, and the parent particle is not reconstructed. As | cos θ 0 | decreases, the two daughters can be recombined in the same jet; this transition is rapid because the φ 0 dependence of the kinematics is small. We now look at the distributions of z and ∆R 12 when we require reconstruction.
Because z is linearly related to cos θ 0 at large boosts, the distribution in z has a simple form:
(27) Comparing to Eq. (24), we see that requiring reconstruction simply cuts out the region of phase space at small z. This is confirmed in the exact distribution dN/dz, shown in Fig. 15 . The small-z decays that are not reconstructed come from the regions of phase space with | cos θ 0 | near 1, just as in the previous discussion. In these decays, the backwards-going (anti-collinear) daughter in the parent rest frame is boosted to have small p T in the lab frame.
Comparing to Fig. 6 , the distribution in z for QCD splittings, we see first that the cutoffs on the distributions are similar (they are not identical because of the LL approximation used in Fig. 6 ). However, the QCD distribution has an enhancement at small z values, due to the QCD soft singularity, that the distribution for reconstructed decays does not exhibit. The distribution of reconstructed particles in the variable ∆R 12 is related simply to the distribution of all de-cays in the same variable:
which means that the distribution dN/d∆R 12 is given by Fig. 13 with a cutoff at ∆R 12 = D. Note that this distribution is very close in shape to the distribution of QCD branchings versus ∆R 12 displayed in Eq. (14) and Fig. 7 . This similarity arises from that the fact that the most important factor in the shape is the square root singularity, which arises from the change of variables in both cases and is not indicative of the underlying differences in dynamics.
In this subsection, we have considered 1 → 2 decays with massless daughters and a fixed boost and the shaping effects that arise from requiring that the decay be reconstructed in a jet. We have found that decays share many kinematic features with QCD branchings into two massless partons at fixed x J . In particular, the cutoffs on distributions are set by the kinematics, and do not depend on the process. Comparing Eqs. (12, 27) and Eqs. (14, 28) , we see that the upper and lower cutoffs are the same within the approximations used. The dominant feature in the ∆R 12 distribution, the square root singularity at the lower bound, is also a kinematic effect shared by both decays and QCD branchings. On the other hand, the z distributions are distinct. While QCD branchings are enhanced at small z, for decays the distribution in z is flat over the allowed range.
B. Two-step Decays
We now turn our attention to two-step decays, which exhibit a more complex substructure than a single 1 → 2 decay. Compared to one-step decays, two-step decays offer new insights into the ordering effects of the k T and CA algorithms, highlight the shaping effects from the algorithm on the jet substructure and offer a surrogate for the cascade decays that are often featured in new physics scenarios. The top quark is a good example of such a decay, and we focus on it in this section. Unlike a 1 → 2 decay, in reconstructing a multi-step decay at the parton level the choice of jet algorithm matters; different algorithms can give different substructure. We take the same approach as for the 1 → 2 decay, studying the kinematics of the parton-level top quark decay in terms of the lab frame variables ∆R 12 and z.
We will label the top quark decay t → W b, with W →. In this discussion requiring that the top quark be reconstructed means that the W must be recombined from q and q first, followed by the b. This recombination ordering reproduces the decay of the top, and the W is a daughter subjet of the top quark. For the k T algorithm, reconstructing the top quark in a single jet imposes the following constraints on the partons:
∆R< D, and ∆R bW < D.
For the CA algorithm the relations are strictly in terms of the angle:
The kinematic limits requiring the decay to be reconstructed in a single jet are the same for the two algorithms, but fixing the ordering of the two recombinations requires a different restriction for each algorithm, which in turn biases the distributions of kinematic variables. The common requirement that the top quark be reconstructed in a single jet, ∆R< D and ∆R W b < D, is straightforward to understand in terms of the rest frame variable cos θ 0 , which here is the polar angle in the top quark rest frame between the W and the boost direction to the lab frame. For cos θ 0 ≈ 1, the W has a large transverse boost in the lab frame, so ∆R< D, but the angle between the W and b will be large (as was the case for the corresponding 1 → 2 decay in the previous section). For cos θ 0 ≈ −1, the W transverse boost is small, and ∆Rwill be large. Therefore, we only expect to reconstruct top quarks in a single jet when | cos θ 0 | is not near 1. Specifically which decays will be reconstructed, though, depends on the algorithm.
If the CA algorithm correctly reconstructs the top quark, the two quarks from the W decay must be the closest pair (in ∆R) of the three final state particles. This requirement highly selects for decays where the W opening angle, ∆R, is smaller than the top quark opening angle, ∆R W b . Therefore, only decays with a large (transverse) W boost will be reconstructed by the CA algorithm. In terms of cos θ 0 , the fraction of decays that are reconstructed will increase as we increase cos θ 0 towards the upper limit where ∆R W b ≥ D, and the reconstruction fraction will be small for lower values of cos θ 0 .
The k T algorithm orders recombinations by p T as well as angle, and the set of reconstructed decays is understood most easily by contrasting with CA. As the transverse boost of the W decreases, on average the p T of the q and q decrease while the p T of the b increases. Therefore, while ∆Ris increasing, min(p T q , p T q ) is decreasing, and these competing effects suggest that k T reconstructs decays with smaller values of cos θ 0 than CA, and that the dependence on cos θ 0 is not as strong.
The effect of the CA and k T algorithms on the observed distribution in cos θ 0 is shown in Fig. 16 , where we plot the distribution of cos θ 0 for reconstructed top quarks for both algorithms. The top boost is fixed to γ = 3. We observe the kinematic limit near cos θ 0 ≈ 0.8 is common between algorithms, and that cos θ 0 ≈ −1 is not accessed by either algorithm. As expected, the distribution for the CA algorithm falls off more sharply than for k T at lower values of cos θ 0 . Next, we look at distributions in z and ∆R W b . Just as in the 1 → 2 decay, we expect decays with small z not to be correctly reconstructed. Small values of z will come when the W or b is soft, and therefore produced very backwards-going in the top rest frame. This corresponds to cos θ 0 ≈ ±1, and from Fig. 16 these decays are not reconstructed. In Fig. 17 , we plot the distribution in z for all decays, dN 0 /dz, and the distribution for reconstructed decays, dN/dz, for a boost of γ = 3. In dN 0 /dz, the discontinuity at z ≈ 0.2 arises from the fact that the W is sometimes softer than the b, but has a minimum p T . The extra weight in dN 0 /dz for z above this value comes from the decays where the W is softer than the b. Note that these decays are rarely reconstructed, especially for CA: the distribution dN/dz is smooth, and has little additional support in the region where the W is softer. This correlates with the fact that decays with negative cos θ 0 values are rarely reconstructed with CA, but more frequently with k T . The distribution dN/dz has a lower cutoff that corresponds to the upper cutoff in Fig. 16 . As the boost γ of the top increases, the cutoff at small z decreases, since the limit in cos θ 0 for which ∆R W b > D will increase towards 1.
The opening angle ∆R W b of the top quark decay also illustrates how strongly the kinematics are shaped by the jet algorithm. When cos θ 0 ≈ −1, for sufficient boosts ∆R W b is small because the W is boosted forward in the lab frame, but these decays are not reconstructed because the ordering of recombinations will typically be incorrect and the W decay may not within ∆R< D. For cos θ 0 ≈ 1, ∆R W b will exceed D and the top will not be reconstructed. In Fig. 18, we between the k T and CA algorithms reflects their different recombination orderings. Because CA orders strictly by angle, the angle ∆R 12 tends to be larger than for k T because CA requires ∆R 12 = ∆R W b > ∆R. The k T algorithm prefers smaller angles for ∆R W b , because in these cases the W is softer so that the value of the k T metric to recombine the q and q , min(p T q , p T q )∆R, is smaller.
C. Hadron-level Decays
To this point, we have looked at parton-level kinematics of the top decay. However, we cannot expect the jet algorithm to faithfully represent the kinematics of the parton-level top decay in jets which include the physics of showering and hadronization. That is, the systematic effects of the jet algorithm, similar to those seen in QCD jets in Section III, can be expected to appear in distributions of kinematic variables for jets reconstructing the top quark mass. The substructure of a jet that reconstructs the top quark mass may not match onto the kinematics of that decay due to systematic effects of the jet algorithm. For instance, in the CA algorithm we expect that soft recombinations will occur at the last recombination step, even for jets that contain the decay products of a top quark. This can make the substructure look more like a heavy QCD jet than a top quark decay, and subsequently the jet may not be properly identified.
To demonstrate this point, in Fig. 19 we plot the distribution in z for jets with mass within a window around the top quark mass. The data represent simulated tt events as described in Appendix A. In this sample, the top quarks have a p T between 500-700 GeV, so that many are expected to be reconstructed in a single jet. The distribution for CA jets is very different from the parton-level distribution, plotted in Fig. 17 . The excess at small values of z arises from soft recombinations in the CA algorithm, which make the distribution similar to the distribution in z from QCD jets shown in Figs. 9a and 9b. For the k T algorithm, there are rarely soft recombinations late in the algorithm, because the metric orders according to z as well as ∆R. However, the k T algorithm tends to have a much broader mass distribution for reconstructed tops than the CA algorithm, since soft particles that dominate the periphery of the jet are recombined early in the algorithm. This means that soft energy depositions in the calorimeter near the decay products of a top quark have a higher probability of being included in the jet and broadening the reconstructed top mass distribution. In Fig. 20 , we plot the jet mass distribution in the neighborhood of the top mass for jets in the same tt sample as in Fig. 19 for both algorithms.
The top mass peak is broadened for the k T algorithm relative to CA. From the point of view of jet substructure, we cannot identify vertex-specific variables (such as z and ∆R) that characterize this broadening, because it is due to recombinations early in the algorithm. However, we will find that techniques used to remove the systematic effects of the algorithm from the substructure of jets are effective in narrowing mass distributions.
V. IDENTIFYING RECONSTRUCTED HEAVY PARTICLES WITH JET SUBSTRUCTURE
In the previous two sections we examined several kinematic distributions for QCD splittings and for heavy particle decays. These studies fall into two categories: parton-level, dealing with the fundamental 1 → 2 processes, and hadron-level, including the physics of showering and hadronization. While the parton-level studies are important to understand the kinematics of reconstructed decays and the differences from QCD, the hadron-level studies encompass the effects of the QCD shower and the jet algorithm. We will explore these effects more in this section, and give a more complete picture of jet substructure. Since our focus is on reconstructing heavy particles, we will discuss the difficulties that arise in interpreting jet substructure.
Our parton-level studies can be briefly summarized. In Sec. III, we used a toy model for QCD splittings in jets that contained the dominant soft and collinear physics of QCD, and studied the kinematics for fixed m/p T of the parent parton in the splitting. In Sec. IV, we looked at 1 → 2 and 1 → 3, two-step decays with fixed boost, requiring that the decay be reconstructed in a jet. For the two-step top quark decay, requiring full reconstruction of the top (including the W as a subjet) from the three final state quarks imposed kinematic restrictions that depended on the algorithm used. These studies led to the z and ∆R 12 distributions seen in Figs. 6 and 7 (QCD), 15 and 13 (one-step decays), and 17 and 18 (twostep decays). We can see that the distributions in ∆R 12 are quite similar, but that QCD splittings tend to have smaller z values than heavy particle decays. However, the kinematics of a heavy particle decay are not always simple to detect in a jet that includes showering, as our hadron-level studies have demonstrated.
The QCD shower and the jet algorithm both play a significant role in shaping the jet substructure. The ordering of recombinations for the k T and CA algorithms imposes significant kinematic constraints on the phase space for the last recombinations in a jet. This leads to kinematic distributions for the last recombination in a jet that depend as much on the algorithm as the underlying physics of the jet. For instance, in Figs. 9a-9f , we find that the kinematics of the last recombination in QCD jets is very different between the k T and CA algorithms. In particular, we can compare Figs. 9a and 9b , the distribution in z of the last recombination for QCD jets, with Fig. 19 , the distribution in z of the last recombination for jets in a tt sample that reconstruct the top quark mass. For the k T algorithm, the differences reflect the different physics of QCD splittings and decays. However, the CA algorithm has shaped the distributions to have a large enhancement at small z for both processes. This implies that it is difficult to discern the physics of the jet simply from the value of z in the last recombination for CA. For the k T algorithm, because of the ordering of recombinations, the final recombinations better discriminate between decays and QCD, but the mass resolution is poorer than for CA. In Fig. 20 , we see that the mass distribution of a reconstructed top quark is degraded for the k T algorithm relative to CA.
There is one more important contribution to jet substructure common to QCD jets and heavy particle decays that we have not yet discussed. This is the combined effect of splash-in from several sources: soft radiation from other parts of the hard scattering, from the underlying event (UE), i.e., from the rest of the individual pp scattering, and from pile-up, i.e., from other pp collisions that occur in the same time bin. All of these sources add particles to jets that are typically soft and approximately uncorrelated. Splash-in particles will mostly be located at large angle to the jet core, simply because there is more area there. How these particles affect jet substructure depends on the algorithm used, and we expect them to contribute similarly to soft radiation from the QCD shower, discussed at the ends of Secs. III and IV. For concreteness, we now examine briefly the effect of adding an UE to our Monte Carlo events. We expect other splash-in effects to be similar.
In Fig. 21 , we show the effect of adding an UE on jet masses. The effect here is simple: adding extra energy to jets pushes the mass distribution higher. Note that for top jets, the mass peak has also broadened, making it harder to find the signal mass bump over the background distribution. In Fig. 22 , we show how distributions in z and ∆R 12 are affected by the UE. Due to the extra radiation at large angles from the UE, the distribution in the angle of the last recombination, ∆R 12 , is systematically shifted to larger values. The UE populates the same region in the jet as soft radiation from the hard partons, meaning the distribution in z is not significantly altered by the UE. We have seen numerous examples that the kinematics of the jet substructure in the last recombination for CA is a poor indicator for the physics of the jet. However, we can characterize the aberrant substructure very simply. For the CA algorithm, late recombinations (necessarily at large ∆R) with small z are more likely to arise from systematics effects of the algorithm than from the dynamics of the underlying physics in the jet. For the k T algorithm, the poor mass resolution of the jet arises from earlier recombinations of soft protojets. The last recombination for k T is representative of the physics of the jet, but the degraded mass resolution makes it difficult to efficiently discriminate between jets reconstructing heavy particle decays and QCD. While small-z, large-∆R recombinations are not as frequent late in the k T algorithm as in CA, they do contribute the most to the poor mass resolution of k T .
As a simple example of the sensitivity of the mass to small-z, large-∆R recombinations, consider the recombination i, j → p of two massless objects in the small-angle approximation. The mass of the parent p is given by m (1 − z)/z, which is maximized for small z. Therefore, at a given stage of the algorithm, small-z recombinations have a large effect on the mass of the jet.
When we can resolve the mass scales of a decay in a jet, the distribution of kinematic variables matches closely what we expect from the parton-level kinematics of the decay. For the example of the top quark decay, if we select jets with the top mass that have a daughter subjet with the W mass, the kinematic distributions of z and ∆R 12 closely match the distributions from the partonlevel decay of the top quark. We show this in Fig. 23 , where we make a top quark "hadron-parton" comparison for z and ∆R 12 . In the hadron-level events, we take jets from tt production and either make a cut on the jet mass, requiring a mass near the top mass, or both the jet mass and the subjet mass, requiring proximity to the top and W masses. The specifics of the mass cuts are described in Sec. VII. In the parton-level events, we simply require that the top quark decay to three partons be fully reconstructed by the algorithm in a single jet, namely that the W is correctly recombined first from its decay products before recombination with the b quark to make the top. The parton-level events have the same distribution of top quark boosts as the top jets in the hadron-level events. It is clear that simply requiring the hadron-level jet have the top mass, which makes no cut on the substructure, leads to kinematic distributions in z and ∆R 12 for CA that do not match the parton-level distributions, although the distributions do match quite well for the k T algorithm. The excess of small-z recombinations for CA in the hadron-level jet with only a jet mass cut arises from jet algorithm effects discussed previously. After the subjet mass cut, these are removed and the distribution of z in the jet matches the reconstructed parton-level decay very well. Therefore, when we can accurately reconstruct the mass scales of a decay in a jet, the kinematics of the jet substructure tend to reproduce the parton-level kinematics of the decay. This suggests that if we can reduce systematic effects that generate misleading substructure, we can improve heavy particle identification and separation from background. Reducing these systematic effects can also improve the mass resolution of the jet, which will aid in identifying a heavy particle decay reconstructed in a jet and in rejecting the QCD background. We now discuss a technique that aims to accomplish this goal.
VI. THE PRUNING PROCEDURE
In this section we define a technique that modifies the jet substructure to reduce the systematic effects that obscure heavy particle reconstruction. In general, we will think of a pruning procedure as using a criterion on kinematic variables to determine whether or not a branching is likely to represent accurate reconstruction of a heavy particle decay. This takes the form of a cut: if a branching does not pass a set of cuts on kinematic variables, that recombination is vetoed. This means that one of the two branches to be combined (determined by some test on the kinematics) is discarded and the recombination does not occur.
In Sec. V, we identified recombinations that are unlikely to represent the reconstruction of a heavy particle.
These can be characterized in terms of the variables z and ∆R: recombinations with large ∆R and small z are much more likely to arise from systematic effects of the jet algorithm and in QCD jets rather than heavy particle reconstruction. We expect that removing (pruning) these recombinations will tend to improve our ability to measure the mass of a jet reconstructing a heavy particle. We also expect that this procedure will systematically shift the QCD mass distribution lower, reducing the background in the signal mass window. Finally this procedure is expected to reduce the impact of uncorrelated soft radiation from the underlying event and pile-up. We therefore define the following pruning procedure: 0. Start with a jet found by any jet algorithm, and collect the objects (such as calorimeter towers) in the jet into a list L. Define parameters D cut and z cut for the pruning procedure.
1. Rerun a jet algorithm on the list L, checking for the following condition in each recombination i, j → p:
This algorithm must be a recombination algorithm such as the CA or k T algorithms, and should give a "useful" jet substructure (one where we can meaningfully interpret recombinations in terms of the physics of the jet).
2. If the conditions in 1. are met, do not merge the two branches 1 and 2 into p. Instead, discard the softer branch, i.e., veto on the merging. Proceed with the algorithm.
3. The resulting jet is the pruned jet, and can be compared with the jet found in Step 0.
This technique is intended to be generically applicable in heavy particle searches. It generalizes analysis techniques suggested by other authors [9, 11] , in that these methods also modify the jet substructure to assist separate a particular signal from backgrounds. We emphasize that pruning can be broadly applied. We have endeavored to justify this claim with the discussions in Secs. III-V, which demonstrate that the interpretation of jet substructure is subject to systematic effects that can be well characterized. Pruning is not the only option, but offers some advantages which we explore in further studies below.
In the analysis of pruning, we will explore the dependence of the pruned jets on the value of D from the jet algorithm. When reconstructing a boosted heavy particle in a single jet, without pruning the reconstruction is optimized if the value of D is fit to the expected opening angle of the decay. However, this angle depends on the mass of the particle (which is not known in a search) and its p T . We will show that pruning reduces the sensitivity to D and allows one to use large D jets over a broad range in p T to search for heavy particles. This makes a search much more straightforward to carry out by using pruning.
Values for the two parameters of the pruning procedure, z cut and D cut , can be well motivated. In the following studies, we will show that the results of pruning are rather insensitive to the parameters, and that the optimal parameters are similar for different searches. That is, it is not necessary to tune the pruning procedure for individual searches.
The parameter z cut can be chosen based on the analysis of single-step and multi-step decays in Sec. IV. Near the limit in boost where decays are reconstructed in a single jet, the value of z is typically large. It is only at large boosts, where the production rate of heavy particles is much smaller, that small values of z are allowed for reconstructed decays. Therefore, we can choose a value of z cut that will keep all reconstructed parton-level decays at small boost, and only remove a small fraction of decays at larger boosts. For both the k T and CA algorithms, we set z cut = 0.10 initially, and will study the performance of pruning as z cut is varied for different searches.
The parameter D cut can be determined on a jet-by-jet basis, allowing pruning to be more adaptive than a fixed parameter procedure. D cut essentially determines how much of the jet substructure can be pruned, with smaller values allowing for more pruning. D cut should be sufficiently small so that if a decay is "hidden" inside the jet substructure by late recombinations of, say, UE particles, the substructure can be pruned and the decay can be found. A value that is too small, however, will result in over-pruning. A natural scale for D cut is the opening angle of the jet. However, this is an infrared unsafe quantity, as soft radiation can change the opening angle. Instead, the dimensionless ratio m J /p T J for the jet is related to the opening angle: typically, ∆R 12 ≈ 2m J /p T J . Therefore, we choose D cut to scale with 2m J /p T J , and a value D cut = m J /p T J is a reasonable starting value. We will study the performance of pruning as a function of the scaling of D cut with 2m J /p T J .
A. Effects of Pruning
Having defined the pruning procedure, we can demonstrate how effective it is in reducing systematic effects and improving the mass resolution of jets. In this study, we use the parameters D cut = m J /p T J for both algorithms, and z cut = 0.10 for the CA algorithm and 0.15 for the k T algorithm. We will motivate these parameters with the study in Sec. VIII A. First, in Fig. 24 , we reproduce the "hadron-parton" comparison in Fig. 23 from Sec. V, using pruning at both the hadron level and the parton level. The parton-level pruning is implemented in the same way as defined above, treating the three partons of the reconstructed top quark as the jet. algorithm; when only a jet mass cut is made, the distribution in z and ∆R 12 for pruned jets match the partonlevel distribution much better than unpruned jets. When both mass and subjet mass cuts are made, pruning shows a slightly poorer agreement to the parton-level kinematics than the unpruned case. This arises from the fact that the value of z cut is fixed, while the distribution in z is dependent on the kinematics of the decay. In addition to improving the kinematics of the jet substructure, pruning reduces the contribution of the underlying event and improves the mass resolution of reconstructed decays. In Figs. 25 and 26 we give the mass distribution of jets with and without the UE in both the QCD and tt samples for the CA and k T algorithms, but now with and without pruning. In Figs. 27 and 28 we show how the effect of UE on distributions in z and ∆R 12 , also with and without pruning.
Three distinctions between pruned and unpruned jets are clear. First, the distributions with and without the UE are very similar for pruned jets, while they noticeably differ for unpruned jets. This shows that pruning has drastically reduced the contribution of the underlying event. Second, the mass peak of jets near the top quark mass in the tt sample is significantly narrowed by the introduction of pruning (especially when the UE is included). This is evidence of the improved mass resolution of pruning, and will contribute to the improvement in heavy particle identification with pruning. And finally, the mass distribution of QCD jets is pushed significantly downward by pruning. The QCD jet mass is dominantly built from the soft, large-angle recombinations -most recombinations are soft, and for fixed p T , larger-angle recombinations contribute more to the jet mass. Removing these by pruning the jets reduces the QCD mass distribution in the large mass range and will contribute to the reduction of the QCD background. We move on to examine pruning through a set of studies using Monte Carlo simulated events. We will investigate the parameter dependence of pruning, motivating the parameters used above. We will extensively study both top and W reconstruction with pruning, and quantify the improvements of pruning in terms of basic sta- tistical measures. These studies will provide evidence of the insensitivity of pruning to the value of D in the jet algorithm.
VII. MONTE CARLO STUDIES A. Study Layout
The parameter space for questions about pruning procedures is very large. In this work, we want to ask whether pruning is a viable data analysis tool, and how effective it can be. We use Monte Carlo samples to study W reconstruction and the rejection of W + jets backgrounds, as well as top quark reconstruction and the rejection of QCD multijet backgrounds. To test the usefulness of pruning across a range of jet m/p T , and hence the heavy particle boost, we study both signals in four p T bins. We will also be able to compare a signal with a single mass scale (the W ) to one with two (the top). The details of the Monte Carlo samples and their generation are described in Appendix A.
In the following sections, we define a particular method to identify the heavy particles using jet substructure, and examine pruning in this context. In this work, we are more concerned with the improvements provided by pruning than its absolute performance. Therefore, we compare pruning to an analysis procedure where the jets are left unpruned. This comparison removes dependence on quantities that have large uncertainties, such as signal and background cross sections, or are not specified, such as the integrated luminosity. Instead, the performance of pruning is quantified in terms of key measures -how much better pruning resolves the physically relevant substructure of the jet and separates signal and background processes than using the substructure from unpruned jets.
Additionally, we test the performance of pruning as parameters of the jet algorithm and the pruning procedure are varied. The performance will change with the parameter D, since it controls how boosted the decay must be to be reconstructed in a single jet. We expect the D dependence to be closely correlated with the jet p T , as it is a direct measure of the boost of the heavy particle. We also test the sensitivity of the pruning procedure to the parameters z cut and D cut . We aim to draw some basic conclusions about how pruning should be applied in a search.
B. Measures used to quantify pruning
Mass variables are by far the strongest discriminator between QCD jets and jets reconstructing heavy particle decays. QCD jets have a smooth mass distribution set by the jet p T (see Sec. III), while a decaying particle can have multiple intrinsic mass scales. This allows us to define simple criteria to identify a jet as coming from a top quark: if the jet mass is in the top mass window and one of the two subjets has a mass in the W mass window, then we tag the jet as a top jet. The top and W mass windows are defined by fitting the relevant mass peaks of the signal sample, which we describe in detail below.
The W study proceeds analogously with only a jet mass cut. In a real search for a particle of unknown mass, one obviously cannot fit a "signal sample". However, we employ this method to demonstrate two effects of pruning: sharpening the signal mass peak and reducing the QCD background in this region. These two effects will determine how well pruning improves our ability to find bumps in jet mass distributions.
Jet algorithms can be compared using a variety of measures depending on how the algorithm is used. Our focus is on heavy particle identification and separation from background. In particular, we compare analyses performed with and without pruning to quantify the improvement that pruning provides. We use a common set of variables to measure the relative difference between a jet algorithm and its pruned version. Let N S (A) be the number of jets in the signal sample identified as a reconstructed heavy particle for algorithm A, and N B (A) the analogous number of jets in the background sample. Use pA to denote the pruning procedure run on jets found with algorithm A. Then the variables we use are:
, and
is the relative efficiency of pruning in identifying heavy particles in the signal sample, while R and S are the relative signal-to-background and signal-to-noise ratios for the pruned and unpruned algorithms. We also evaluate the relative mass window widths, which we label w rel . For the W study, this is the ratio of the W mass window width for pruning relative to not pruning; for the top study it is the ratio in the top mass window width. Note that in the top study, a W subjet mass cut is also used. A value of w rel < 1 means pruning has improved the mass resolution of the jets. These ratios are independent of the integrated luminosity and the total cross sections, and are representative of the improvements that pruning would provide in an analysis.
To determine the mass window for a particular signal sample, we fit the mass peak to determine the window width. In these studies, a skewed Breit-Wigner is sufficient to fit the peak, with a power law continuum background. These functions used to fit mass peaks are:
M is the location of the mass peak; Γ is the width of the peak. A sample fit it shown in Fig. 29 . The mass window [M − Γ, M + Γ] is found to be nearly optimal, given this functional form, in measures similar to , R, and S: the area in the window (∼ ), the ratio of area to the window width (∼ R), and the ratio of area to the square root of the width (∼ S). In the next section, we will use these statistics to quantify the improvements gained by pruning in identifying heavy particles and separating them from backgrounds, and explore the advantages that can be achieved by pruning.
VIII. STUDY RESULTS
In this section we present results comparing analyses with pruned jets to unpruned jets. We demonstrate two main points: first, pruning is useful and broadly applicable, and second, its parameters do not need fine tuning for it to provide significant improvement.
The natural starting point is to investigate the parameters particular to the pruning procedure, D cut and z cut . The most important question is whether these need to be tuned to the signal. To answer this, in Sec. VIII A we study the performance of pruning as we vary its parameters for two different signals across the full p T range for the samples. We find that optimal choices of z cut and D cut vary slowly with m/p T , but that our choice of parameters is not far from optimal in all cases.
After fixing z cut and D cut , we consider the effect of varying D in the jet algorithm. In Sec. VIII B we study pruning with D fixed at 1.0 over all p T bins. This type of analysis is like a search where the mass (and hence m/p T ) of the new heavy particle is not known. For comparison, in Sec. VIII C we redo the analysis, but with D adjusted for each bin to fit the expected angular size of the decay in that bin. In this case, the unpruned jet algorithm performs better than with a constant D, as expected, but pruning still shows improvements in finding W 's and tops. In all cases, pruned jets are a better way to identify heavy particles than unpruned. In Sec. VIII D we com-pare the results of Secs. VIII B and VIII C. Significantly, if jets are pruned, we find that it does not make much difference what the initial D value was, indicating that searches with large fixed D do not suffer in power compared to searches with D tuned to known or suspected m/p T .
In Sec. VIII E we give some absolute measures of topfinding with pruned jets for comparison to other methods. In Sec. VIII F we directly compare the CA and k T algorithms, before and after pruning. Finally, in Sec. VIII G we consider the effect of a crude detector model where we smear the energies of all particles in the calorimeter. We find that the performance of the pruned and unpruned algorithms are degraded, but that pruning still provides significant improvement.
A. Dependence on Pruning Parameters
The pruning procedure we have defined has two free parameters (in addition to those of the jet algorithms themselves). In introducing the procedure, we argued that z cut = 0.10 and D cut = m J /p T J were sensible choices. In this subsection we will investigate how pruning performs when each of these parameters is varied while the other is held fixed, for both (W and top) signals and across the four p T bins for each signal.
We will look at the values of the metrics w rel , , R, and S defined in Sec. ??. The priority in choosing particular values for z cut and D cut should be in optimizing S, as it is the criterion for discovery. That being said, and R are still important measures as they determine the total size of the signal and remaining fraction relative to the background. As we will see, the dependence of and R on the parameters is not strong. We also evaluate w rel because the mass window width drives the other three metrics. As the relative width decreases, in general the measures R and S will increase because the heavy particle is better resolved and more of the background is rejected, but will decrease simply because the narrower width selects fewer signal jets.
In Fig. 30 , we show all four metrics for top and W jets, for both CA and k T jets. D cut is set to m J /p T J throughout, and z cut is varied in [0, 0.25]. z cut = 0 represents no pruning and we can see that all metrics are 1 here. With increasing pruning, the mass window width initially decreases rapidly, then levels out. In all but the smallest p T bin, the relative signal efficiency increases as the width narrows, suggesting that signal jets that had "vacuumed up" too much UE or soft radiation are being pruned back into the mass window. Note that for the top quark sample with the k T algorithm, merely flattens out for a range in z cut , and does not increase as it does for the other samples. Once the window stops shrinking significantly (around z cut = 0.05), the relative signal efficiency starts decreasing; now the dominant effect is over-pruning signal jets out of the mass window. Note, however, that even though the relative signal efficiency is decreasing, the relative signal-to-background ratio R is increasing over the full range. So even as signal jets are being removed from the mass window, background jets are being removed even faster. If we look at signal-tonoise, S, there appears to be a broad optimal range in z cut that depends somewhat on the signal, on the p T bin and on the jet algorithm.
There are two important lessons to be learned from these plots. First, more pruning is required for k T jets than for CA to achieve similar results. The right two columns (k T ) are similar to the left two (CA) except that features are shifted out in z cut . Second, the peak in S does not depend strongly on the signal or the p T , in the three largest p T bins. The dependence on S in the smallest p T bin, however, is different from the others due to threshold effects of the heavy particle being reconstructed in a single jet. In the smallest p T bin, the boosts of the W 's or tops are small enough that many decays are just at the threshold for being reconstructed. Decays at the reconstruction threshold typically have poor mass resolution, and cutting more aggressively on z reduces these threshold effects and significantly decreases the background, leading to an increase in S over the whole range in z cut . For CA, our "reasonable choice" of z cut of 0.1 looks close to optimal for the upper three bins, and not far off for the smallest. For k T , a larger z cut is needed; 0.15 is close to optimal.
Additionally, these plots offer an interesting perspective on the substructure dependence on z for both algorithms. The tt sample for the CA algorithm is the most instructive. In this case, small values of z cut lead to dramatically increased efficiency for finding top jets in the larger p T bins. This is due to the improved ability after pruning to find the W as a subjet of the top. At large p T with a fixed D = 1.0, the opening angle of the top quark decay is much smaller than D. This means that the top quark decay is very localized in the jet, and much of the jet area includes soft radiation. For the CA algorithm, which recombines solely by the angle between protojets, this tends to delay recombining the soft peripheral radiation until the end of the algorithm. The result is substructure with small z at the last recombination that is not representative of the top quark decayneither daughter protojet of the top has the W mass. As an illustration of this point, in Fig. 31 we plot the distribution of z for unpruned jets in the top mass range for the CA algorithm in the largest and smallest p T bins. Note that in the largest p T bin, where the top quark decay is highly localized in the jet and the decay angle is much less than D, there is a substantially increased fraction of jets with a small value of z. This does not occur in the smallest p T bin, where most of the reconstructed tops are at threshold for being just inside the jet. When pruning is implemented, however, much of this soft radiation is removed. In Fig. 32 , we plot the same distributions as in Fig. 31 , but for pruned jets. In this case, no jets with the top mass have small z, since pruning has removed those recombinations. This leads to a highly enhanced efficiency to resolve the W subjet and identify the jet and a top jet. In Sec. VIII B, we will study pruning when the value of D is matched to the average angle of the heavy particle decay, and we will see that the performance of the unpruned CA algorithm improves. By contrast, this situation does not occur for the k T algorithm. Even when the value of D is mismatched with the top quark decay angle, the soft radiation on the periphery of the jet is recombined early in the k T algorithm because of the p T weighting in the recombination metric. Therefore, there is no increase in efficiency with increasing z cut for large p T , and the decrease in comes from the narrower width of the top and W mass distributions. The small variation in the measures R and S for the k T algorithm at small z cut is evidence of the fact that k T tends to have many fewer small-z recombinations at the end of the algorithm, and supports the larger value of z cut = 0.15 for the k T algorithm that we will use in the remainder of the study. We now fix z cut to study the dependence on D cut . For the CA algorithm we choose z cut = 0.1, and for k T we choose 0.15. In Fig. 33 , we plot w rel , , R, and S as D cut is varied in [0, 5m J /p T J ]. While z cut sets the minimum p T asymmetry that recombinations can have, D cut sets the minimum opening angle for recombinations that can be pruned. We can think of D cut as determining which recombinations can be pruned, and z cut as determining whether or not that pruning takes place. This difference is clearer when we consider two limiting values of D cut and their impact on the pruned jet substructure. As D cut grows past 2m J /p T J , any recombination must have a large opening angle between the daughters to be pruned. Note that the limit D cut → ∞ is the limit of no pruning. For both the CA and k T algorithms, in this limit only very late recombinations in the algorithm can be pruned (if the jet can be pruned at all). In this limit, we expect the statistical measures to tend to one as the amount of pruning decreases.
The second limit is D cut → 0. In this limit any recombination can be pruned, since the minimum opening angle needed is very small. As D cut decreases towards zero, more of the jet substructure can be pruned. In particular, earlier recombinations -those with smaller opening angle on average -can be pruned as D cut decreases. In general, these early recombinations are associated with the QCD shower, and pruning them can degrade the mass resolution of the jet because too much radiation is being removed. Therefore, we expect the performance of pruning to be poor in this region.
Both of these limits are present in Fig. 33 , and our expectations about these limits are correct. It is in the intermediate region, where D cut ≈ m J /p T J , that the performance of pruning is optimal, with a maximum in S that is not very sensitive to the p T bin, sample, or algorithm. This value of D cut = m J /p T J is sensible when we recognize that the average opening angle of the jet is approximately 2m J /p T J , and half this value allows for pruning of late recombinations but not the soft, smallangle recombinations associated with the QCD shower.
For the remainder of the study, we fix the pruning parameters z cut = 0.1 for the CA algorithm and z cut = 0.15 for the k T algorithm, as well as D cut = m J /p T J for both algorithms. With these parameters fixed, we move on to discuss more interesting tests of the pruning procedure, namely the improvements conferred by pruning over a range in heavy particle boost and the D dependence of the pruning procedure.
B. Top and W Identification with Constant D
In a search for heavy particles decaying into jets, it may be unfeasible to divide a sample into p T bins and use a tailored jet algorithm to look for local excesses in the jet mass distribution in each p T bin. (A "variable-R" method for avoiding p T -binning, which we do not consider here, has recently been suggested [16] . This still requires knowing or guessing the mass of the new particle, since it is m/p T that determines the relevant angular size.) For instance, the appropriate angular scale may be unknown because the mass of the heavy particle is not known or the production mechanism is not well understood (so that the spectrum of heavy particle boosts is not known). In this case, a large-D jet algorithm may be used to search for heavy particles reconstructed in single jets. To mimic such an analysis, and provide a reference point for further tests of pruning, we find our statistical measures for W and top quark jets, over a range of jet p T bins and with a fixed D of 1.0.
In Fig. 34 we plot the values for w rel , , R, and S versus p T bin for W 's and tops, using the CA and k T algorithms. For both algorithms, pruning improves W and top finding, with substantial improvements for large p T . The measure S in the smallest p T bins ranges from 30-40%, growing to values between 100-600% in the largest p T bins. At large p T in the top quark study, the improvement in signal-to-noise for the CA algorithm is larger than for the k T algorithm, as is the relative efficiency to identify tops. This arises because the CA algorithm is poor at reconstructing the W as a subjet of the top jet at large p T when the value of D is not matched to the opening angle of the decay. We will investigate this case further in the rest of the analysis. For an analysis where the heavy particle mass is known, the jet algorithm can be tailored to the jet p T when searching for the heavy particle reconstructed in a single jet. In this case, the D value can be chosen using the relation
where m is the heavy particle mass and p T is the transverse momentum of the jet. We take 1.0 to be the maximum allowed value of D. The D values we use are given in Table I . In Fig. 35 , we plot w rel , , R, and S for jets with these D values used for each p T bin. Note that Eq. (33) neglects the differences between algorithms, which depend on the particular decay. As an example of the fidelity of this relation for D, recall Fig. 18 , which plotted the distribution in ∆R for reconstructed partonlevel top quark decays with a top boost of γ = 3. Eq. (33) suggests the value D = 0.7, while the means of the CA and k T distributions for the reconstructed parton-level decay are 0.75 and 0.65 respectively. Because the distribution in opening angles of the reconstructed decay is broad, by using a smaller, fixed D some decays will not be reconstructed by the jet algorithm.
The difference between the case of constant D = 1.0 and variable D is readily apparent. When the D value is matched to the expected opening angle of the decay, the improvements in pruning are flatter over the whole range in p T , and generally decreasing towards high p T . The decreased efficiency for pruning, especially for the k T algorithm, is outweighed by the increases in R and S Table I ). Statistical errors are shown.
over the whole range in p T . Although pruning shows improvements over a broad range in p T for both constant and variable D, we want to compare results for both approaches. This serves as an indicator of how sensitive the final pruned jet is to the value of D from the jet algorithm.
D. Comparing Pruning with Different D Values
In the previous two subsections we have seen that an unpruned analysis performs much better when D is tuned to the m/p T of the signal. We now consider whether this is true of a pruned analysis.
In each p T bin, we can compare the results of pruned jets with D = 1.0 with pruned jets using value of D fit to the expected size of the decay. Because the naive expectation is that the tuned value of D will yield better separation from background, we find the improvements in pruning when D is tuned, relative to pruning with a fixed D of 1. 
Note that x D > 1 indicates that tuning D yields an improvement. The values of these four measures are shown in Fig. 36 over the range of p T . Note that since the tuned value of D in the smallest p T bin is 1.0, the comparison there is trivial and so is not shown. These results show only small improvements in S D , with the statistical error bars at most data points including the value S D = 1. They indicate that the improvements after pruning are roughly independent of the value of D used in the jet algorithm, as long as that D is large enough to fit the expected size of the decay in a single jet. From the point of view of heavy particle searches, we can conclude that pruning removes much of the D dependence of the jet algorithm in the search.
E. Absolute Measures of Pruning
So far, we have only considered measures of pruning relative to a similar analysis without pruning, because this factors out much of the dependence on details of the samples. However, several recent studies report absolute performance metrics for heavy particle identification, so we examine similar measures here for completeness. In addition, we directly compare the CA and k T algorithms, with and without pruning.
As can be seen from the plots of w rel in previous sections, pruning reduces the width of the mass distribution for heavy particles. In Figs. 37a, 37b , and 37c, we plot the absolute widths of the fitted mass distributions for both the top and W in the tt sample and the W in the W W sample, over all p T bins. We plot this width for the pruned and unpruned version of the CA and k T algorithms. Note that the heavy particle identification method we use in this work selects jets within a range of width 2Γ, with Γ coming from a fit to the signal sample. This gives rise to a mass range cut that is typically much narrower than fixed width ranges used in other studies, and hence the absolute efficiency to identify heavy particles is lower.
In Figs. 38a and 38b , we plot the absolute efficiency to identify tops and W s in the two signal samples for both algorithms, with and without pruning. For the top sample, this efficiency abs is the ratio abs ≡ # of top jets in the signal sample # of parton-level tops in the p T range (35) for each p T bin, with abs defined analogously for the W sample. Because the substructure of the W decay is much simpler than the top decay, with no secondary mass cut, the absolute identification efficiencies are similar between all algorithms. The efficiency to find top quarks is only meaningful when compared to the fake rate for QCD jets to be misidentified as a top quark. We define this fake rate # of fake top jets in the background sample # of unpruned jets in the p T range (36) for each p T bin, and analogously for the W sample. In Figs. 38c and 38d , we plot fake for tops and W s in the two background samples for both algorithms, with and without pruning. The fake rate is significantly reduced for pruned jets compared to unpruned jets, for both the top and W studies. The decrease in absolute efficiency arising from using a narrow mass window is compensated by a correspondingly small fake rate for QCD jets. and (d).
F. Algorithm Comparison
Throughout this paper, we have studied how pruning compares to not pruning for the CA and k T algorithms. However, it is also of interest to study how the CA and k T algorithms compare, with and without pruning. To do this, we use statistical measures w A , A , R A , and S A analogous to w rel , , R, and S. For instance, 
We will change the subscript to pA to compare the pruned versions of the algorithms, e.g., 
In Fig. 39 , we plot the measures comparing CA to k T and pruned CA to pruned k T for both the W W and tt samples. These comparisons illustrate many of the effects that we have observed throughout the studies in this paper. For the unpruned algorithm comparison, CA tends to have a much lower efficiency to identify tops than k T . As p T increases, CA performs more poorly relative to k T , with the efficiency decreasing significantly. This arises because the CA has a decreasing efficiency to identify the W at high p T , when the top quark becomes more localized in the fixed D jet. Pruning corrects for this, though the performance of CA relative to k T still decreases at high p T .
The W W sample is instructive because it lets us compare the effectiveness of pruning between CA and k T across a wide range in p T . For the unpruned algorithms, the performance of CA relative to k T is fairly consistent over all p T , reflecting the fact that W identification is simpler than top identification, with accurate mass reconstruction the only requirement. However, when the jets are pruned, the performance of pruned CA relative to pruned k T improves in the smallest p T bin and worsens in the largest p T bin, as compared to the performance of CA versus k T for unpruned jets. This skewing of the statistical measures indicates that pruning is more effective for CA than k T at small p T , where threshold effects are important, and more effective for k T than CA at large p T .
G. Detector Effects
So far, no detector simulation has been applied to the simulated events aside from clustering particles into massless calorimeter cells. We now consider a technique that approximates the impact that detector resolution has on the effectiveness of pruning. We modify our top and W jet analyses by smearing the energy E of each calorimeter cell with a factor sampled from a Gaussian distribution with mean E and standard deviation σ given by
We consider a parameter set motivated by the expected ATLAS hadronic calorimeter resolution [24] , {a, b, c} = {0.65, 0.5, 0.03}. One obvious effect of the detector smearing is degraded mass resolution. In Fig. 40 , we show this effect by plotting the jet mass distribution for the tt sample in the first p T bin. Even after smearing, however, pruning improves the jet mass resolution. In Fig. 41 , we plot the pruned and unpruned jet mass distribution for the tt sample in the first p T bin. Note that because the QCD jet mass distribution is smooth, only the overall size of the sample in the mass window changes, so we do not plot these distributions.
If Fig. 42 , we repeat the basic analysis of Sec. VIII B, applying the detector smearing described above to events using D = 1.0 over all four p T bins and plotting the measures w rel , , R, and S. This figure can be compared to Fig. 34 from the previous analysis, which plots the same measures when no energy smearing is used. The improvements are very similar to those for unsmeared jets, good evidence that pruning may retain its utility in a more realistic detector simulation or in real data.
IX. CONCLUSIONS AND FUTURE PROSPECTS
In this work, we have demonstrated that recombination jet algorithms shape the substructure of heavy particles reconstructed in single jets. We have identified regions in the variables z and ∆R where individual recombinations are unlikely to represent the kinematics of a reconstructed heavy particle. Specifically, soft, large-angle recombinations are unlikely to arise from the accurate reconstruction of a heavy particle decay, and are likely to come from QCD jets, uncorrelated radiation, or systematic effects of the jet algorithm. For the CA algorithm, we have demonstrated that these soft, large-angle recombinations are a key systematic effect that shapes the substructure of the jet, in particular the final recombinations.
We have presented a procedure, calling pruning, that eliminates soft, large-angle recombinations from the sub- structure of the jet. Using hadronically decaying top quarks and W bosons as test cases, we have demonstrated that the pruning procedure improves the separation between heavy particles decays and a QCD multijet background. We have motivated the parameters of the pruning procedure and demonstrated that they roughly optimize the improvements from pruning in our study for both top quarks and W bosons.
Our studies on pruning have demonstrated many positive results of the procedure. In a heavy particle search, the jet is sensitive to the parameter D, and if the value of D is not well matched to the decay of a heavy particle then the ability to identify that particle in single jets is greatly reduced. Our results indicate that pruning removes much of the jet algorithm's dependence on D. Pruning shows improvements even when D is adjusted to fit the expected decay of the heavy particle. We have demonstrated that pruning is insensitive to the effects of the underlying event, as the underlying event mainly contributes soft, uncorrelated radiation to a jet. Additionally, we have shown that the results of pruning are robust to a basic energy-smearing applied to the calorimeter cells used to seed the jet algorithm. Finally, we have quantified absolute measures of the pruning procedure that can be used to compare to other jet substructure methods.
It should be reiterated that pruning systematizes methods that have been proposed by other authors for specific searches. Pruning should be applicable to a wide range of searches, and is intended to be a generic jet analysis tool. We have detailed the ideas behind why pruning works and why it should be used, and presented an indepth discussion of many of the physics issues arising when studying jet substructure.
A. Future Prospects
The conclusions in this paper, like those for any analysis technique not demonstrated on real data, must be taken cautiously. This is especially true for studies like this one on jet substructure, where a majority of the work has been in exploring techniques that may -or may not -actually be useful in an experiment. However, new techniques like jet substructure offer great promise. All studies thus far indicate that jet substructure, and in general a more innovative approach to jets, will be a useful tool for understanding the physics in events with jets at collider experiments.
The most obvious and immediate application of pruning, and jet substructure tools in general, is in rediscovery of the Standard Model at the LHC. As the LHC collects data from high-energy collisions, there will be an abundant sample of high-p T top quarks, and W and Z bosons with fully hadronic decays. As these channels are observed using standard analyses, jet substructure tech-niques can be applied and tested. These channels can also serve as key calibration tools for jet substructure methods applied in the search for new physics.
From the theoretical side, improvements in jet-based analyses can come from a variety of sources. As calculations in perturbative QCD progress, they can be used to improve predictions for jet-based observables in QCD. Improved Monte Carlo tools, such as the continued implementation of next-to-leading order matrix elements and better parton showers, will lead to more accurate studies and a better understanding of jet physics. Additionally, the framework of soft-collinear effective theory (SCET) can improve the understanding of QCD jets [25, 26, 27, 28, 29] . As SCET is adapted to describe a wider variety of event topologies and realistic jet algorithms are implemented in the effective theory, it can be used to calculate resummed predictions for jet-based observables and accurately describe processes that are difficult to access with perturbative QCD [30, 31, 32] . Jets will likely play a central role in new physics searches at the LHC, and a better understanding of jets and jet substructure can aid in the discovery process. Task TeV of Grant No. DE-FG02-96ER40956. This work was supported in part by the U.S. Department of Energy under Grant No. DE-FG02-96ER40956. JRW was also supported in part by an LHC Theory Initiative Graduate Fellowship.
APPENDIX A: COMPUTATIONAL DETAILS
We give a brief summary of the computational tools employed to do the studies in this paper. We generate LHC (14 TeV) events using MadGraph/MadEvent v4.4.21 [33] interfaced with Pythia v6.4 [34] . We employ MLM-style matching, implemented in MadGraph (see, e.g., [35] ), on the backgrounds. We have checked that our matching parameters are reasonable using the tool MatchChecker [36] . We use the DWT tune [37] in Pythia to give a "noisy" underlying event (UE). For the hadronlevel studies in Secs. III and IV, we exclude the underlying event by setting the Pythia parameter MSTP(81) to zero, turning off multiple interactions. The UE comparisons in Sec. V compare samples with this parameter set at 0 or 1. No detector simulation is performed so we can isolate the "best case" effects of our method. In Sec. VIII G, we examine the effects of Gaussian smearing on the energies of final state particles from Pythia to get a sense for how much the results may change with a detector.
For the W study, the signal sample is W + W − pair production, with exactly one W required to decay leptonically. The background is a matched sample of a W and one or two light partons (gluons and the four lightest quarks) before showering. These partons must be in the central region, |η| < 2.5. η is the pseudorapidity, From the hadron-level output of Pythia, we group final-state particles into "cells" based on the segmentation of the ATLAS hadronic calorimeter (∆η = 0.1, ∆φ = 0.1 in the central region). We sum the fourmomenta of all particles in each cell and rescale the resulting three-momentum to make the cell massless. After a threshold cut on the cell energy of 1 GeV, cells become the inputs to the jet algorithm. Our implementation of recombination algorithms uses FastJet [38] , with a pruning plugin we have written [39] .
Several of the plots in early sections involve mass cuts on jets. The details of these cuts are provided in Sec. VII B.
